arXiv:1502.02430v4 [math.DG] 5 Jan 2016 


SUBSEQUENT SINGULARITIES OF MEAN CONVEX MEAN 
CURVATURE FLOWS IN SMOOTH MANIFOLDS 

QI DING 


Abstract. For any n-dimensional smooth manifold E, we show that all the singularities 
of the mean curvature flow with any initial mean convex hypersurface in E are cylindrical 
(of convex type) if the flow converges to a smooth hypersurface Moo (maybe empty) at 
infinity. Previously this was shown (i) for n < 7, and (ii) for arbitrary n up to the first 
singular time without the smooth condition on Moo- 


1. Introduction 

Singularities of mean curvature flow are unavoidable if the flow starts from a closed 
embedded hypersurface in Euclidean space. When the initial hypersurface is mean convex 
in Euclidean space, the mean curvature flow (level set flow) preserves mean convexity. So 
we sometimes call it mean convex mean curvature flow. 

Huisken-Sinestrari obtained the convexity estimate for mean convex mean curvature 
flow [9-11] and the cylindrical estimate for mean curvature flow of two-convex hypersurface 
[11], respectively. In particular, any smooth rescaling of the singularity in the first singular 
time is convex by [9,10]. B. White in [15,16] showed that any singularity of mean convex 
mean curvature flow which occurs in the first singular time, must be of convex type. Here, 
a singular point x of the flow M t has convex type if 

(1) any tangent flow at x is cylindrical, namely, a multiplicity one shrinking round 
cylinder R fc x §> n ~ k for some k < n. 

(2) for each sequence Xi € of regular points that converge to x, 

. , *i (M t(i) , Xi ) 

hm mt -- > 0, 

woo H(M t (i),Xi) 

where k\, «2 • • • ,n n are the principal curvatures with ■ ■ ■ < K n , and H = Yhi K i > 

0. Furthermore, White [16,18] showed that all the singularities of mean convex mean 
curvature flow in Euclidean space are of convex type. And see [1, 8,14] for more results in 
this direction. On the other hand, Colding-Minicozzi [4] showed that the only singularities 
of generic mean curvature flow in R 3 are spherical or cylindrical. In [3] Colding-Ilmanen- 
Minicozzi obtained a rigidity theorem for round cylinders in a very strong sense. 

In the aspect of structure of the singular set of mean curvature flow, White [15] showed 
that parabolic Hausdorff dimension of the space-time singular set is n — 1 at most for 
mean convex mean curvature flow in R" +1 . When a mean curvature flow starts from a 
closed embedded hypersurface in R n-1-1 with only generic singularities, Colding-Minicozzi 

The author is supported partially by 15ZR1402200. He would like to thank Haslhofer for discussion on 
non-compactness of translating solitons in the previous edition. He also would like to thank the referees 
for various suggestions to make this paper more readable. 

1 




2 


QI DING 


[5] showed that their space-time singular set is contained in finitely many compact em¬ 
bedded (n — l)-dimensional Lipschitz submanifolds plus a set of dimension n — 2 at most. 

When the initial hypersurface is mean convex in an n-dimensional smooth manifold 
£, mean convexity is preserved by mean curvature flow (A i,IC) in £ in view of [15]. Let 
be any limit flow if n < 7 or a special limit flow if n > 7, where K,' : t € 
R i —> K[ (see [16] for the definition). Then K[ is convex for every t showed by White [16]. 
Furthermore, if (M', 1C') is backwardly self-similar, then it is either (i) a static multiplicity 
1 plane or (ii) a shrinking sphere or cylinder [16]. In this paper, we will show that K[ is 
convex for every t if {M' ,1C') is any limit flow for n > 7 and the flow JCi converges to a 
smooth hypersurface (maybe empty) at infinity. 

Theorem 1.1. Let A4 : t € [0, oo) i-A M t be a mean curvature flow starting from a mean 
convex, smooth hypersurface in a complete smooth manifold. If {O s >tM s ) (maybe 

empty) is a smooth hypersurface, then all the subsequent singularities of A4 must have 
convex type. 

Our proof heavily depends on Ilmanen’s elliptic regularization and White’s work on 
motion by mean curvature, where we give a delicate analysis for the second fundamental 
form of the corresponding translating soliton related to the considered mean curvature flow 
in a manifold. If either £ has nonnegative Ricci curvature or £ is simply connected with 
nonpositive sectional curvature, we can remove the smooth condition on the hypersurface 
lim^oo ( Xl s>t M s ), and get the same conclusion (see Corollary 3.3). This can be thought of 
as a generalization of Theorem 3 of White [18]. After this paper, Haslhofer-Hershkovits [7] 
got structure theorem of singularities of mean convex mean curvature flows in Riemannian 
manifolds by another method independently, where even they do not need the smooth 
condition of the flows at infinity. 


2. Translating solitons for mean curvature flow 


Let (£, (J ) be an n-dimensional smooth complete manifold with Riemannian metric 
<7 = Ylij =l &ijdxidxj in a local coordinate. Let N denote the product space £ x R with 
the product metric 

a + dt 2 = Oijdxidxj + dt 2 . 

Ij 

Let (•, •) and V denote the inner product and the Levi-Civita connection of N with respect 
to its metric, respectively. Set (cd- 7 ) be the inverse matrix of (aij). Let d Xi and E n+ \ be the 
dual frame of dxi and dt, respectively. Denote Df = Y)i j ^ fAj and |D/| 2 = JT ■ cr l] fif-j 
for any C 1 -function / on £. Let divv be the divergence of £. Let R and Ric denote the 
curvature tensor and Ricci curvature of £, respectively. Let R and Ric be the curvature 
tensor and the Ricci curvature of N = £ x R, respectively. 


Let S be an n-dimensional smooth graph in £ x R with the graphic function u and 
the induced metric g. In a local coordinate, g = gtjdxidxj = (aij + UjUj) dxtdxj, and 
then = cd- 7 — , where u l = a jk Uk. Let A, V be the Laplacian and Levi-Civita 

connection of ( S,g ), respectively. Let v denote the unit normal vector field of M in N 
defined by 


1 

V'l + W 


{-Du + E n+ 1 ). 


( 2 . 1 ) 


V = 
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Now we assume that S' is a translating soliton satisfying the following equation 

(2.2) H + X(E n+ i, v) = 0 

for some constant A > 0. The equation (2.2) is equivalent to 


(2.3) div E ( , ° U ) + A = 0. 

\^/l + \Du\ 2 ) ^l + \Du\> 

In a local coordinate, the equality (2.3) can be rewritten as 

(2.4) £(<*-TTw)««+A = 0. 

where Uij is the covariant derivative on S with respect to d Xi , d Xj . Analog to Theorem 
4.3 in [19], S is an area-minimizing hypersurface with the weight e ~ Xx n+i in £ x M. By 
Vu = Du — (Du, v)v and (2.1), we get 

(2.5) (E n+1 ,Vu) = — (Du, u)(E n+ i, v) = - ± £ = |Vu| 2 . 


Choose a local orthonormal frame field {ei}f =1 in S, which is a normal basis at the 
considered point. Set the coefficients of the second fundamental form hij = (V e Ty, v) 
and the squared norm of the second fundamental form |A| 2 = j hij h t j ■ Then the 
mean curvature H = Y,ihu- Denote V,; = V ei and B VJlk = (R v jei,e k ) = (-'V I/ \7 ej e i + 
V^-V^e* + V[„ je .]ej, e k ). From (2.2) and Codazzi equation hj k ,i — hji.k = — RujU , we have 


ViVjH = - XVi(E n+ i, V ej v) = AVj ((E n+l ,e k )h jk ) 

X(E n+ i, v)hi k hj k T X(E n j r \, 

— X(E n+ i, v)hikhj k 4~ X(E n+ i, e k )hji t k X(E n +i, Rvjki 
— X(E n +\, u)hi k hj k T A(F/ n _|_i, Vhjj) X(E n +\, e k )Rvjki- 


By Simons’ identity (see [20] for instance), we have 

^ ^ A hjj —ViXJjH -)- Hhikhjk -1 h^j 4- ERviuj h,jR:ic(v, uj 

4~ Rkikphjp 4~ Rkjkphip + Bkijphkp 4~ Rpjikhkp T T/, ; R L , T ik 4~ V jRi/kjk- 

From (2.2), substituting (2.6) to (2.7) we get 

A hjjj — X(E n+ i,Vhij) | A] hij X(E r/ ^\, Rujki ERvivj h,jRic(iy, u) 

Rkikphjp 4“ Rkjkphip T Rkijphkp 4“ Rpjikhkp T V kRujik 4“ V iRi/kjk- 


( 2 . 8 ) 


Since N is a product manifold with the product metric, then (R u jei, E n+ \) = 0 by Ap¬ 
pendix A of [13]. Hence 

X(E n+ i, &k)Rvjki — A (R v jei, F/ n _j_i (E n - (_i, — X(E n +i, v) (R v j&i, uj — HRyjiv■ 


Then we obtain 

A hij —A ( E' n + 1 * T h,j ) |A| hjj fijj Ric(v, u) 

Rkikphjp 4“ Rkjkphip + 2 Rkijphkp kRpjik 4" Rvkjk ■ 


(2.9) 


and 

( 2 . 10 ) 


Atf =A(S n+1 , Vtf) - (|A| 2 + Ric(v, v)) H. 
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Let rj be a smooth function on R satisfying that 77 (f) = t for f e (— 00 ,1], 1 < 77 < 2 
on (1,3), 77 = 2 on [3, 00 ), 0 < rf < 1 and 77" < 0 on 1. Set r} a (t) = ar] (^) on R for 
any a > 0. Assume that 11 is a domain in E with positive mean curvature boundary <911. 
Then there is an area-minimizing hypersurface 5 a,« with the weight e -MaHn+i) in 11 x R 
with <9 S\,a = <9H x {0} for A > 0. Note that r] a has a finite upper bound, so it is not hard 
to see that 5 a, Q is compact. In particular, 5 a , a satisfies the following equation 

(2.11) H + \r]' a (E n+ \, v) = 0, 

where v is the unit normal vector of S'y Q . If 5a, a is a graph over some open set with the 
graphic function w, the equation (2.11) can be rewritten as 

( • • w l w 3 A . 

( 2 - 12 ) 22 ( ' a l + \Dw\ 2 ) WiJ + = ° 

i,j=l V 11/ 

in a local coordinate. 


Now let’s show that 5a, a is a graph over H by White’s argument [18]. Let S\ <a (t) = 
{X—t.E n+ i \ X e *S'a, q } for any tel. Let t m be the smallest nonnegative number such that 
S\ intersects 5 a , a in the interior. If t m = 0, then clearly 5 a , a is a graph. If t m > 0, 
the two hypersurfaces 5a, a and S\ )Ce (t m ) touch at an interior point X = (x,t) € H x R. 
Hence the tangent cones to 5a, a and to S\. a (t m ) at X, respectively, both lie in halfspaces 
and are therefore a same hyperplane. So X is a regular point of 5a, a and S\ tCt (t m ), 
respectively. S\ }0l (t m ) satisfies the equation 

H + Xr]' a (- + t m )(E n . 1 - 1 , v) = 0. 


Namely, can be written as a graph over some neighborhood of x with a graphic 

function w satisfying 


(2.13) 


E 

1,3 =1 


<J VJ - 


l iJ,3 


W W- 


1 + \Dw\ 2 


Wi,j + Xi/ a (w + t m ) = 0. 


Let tp = w — u ;, then ip = 0 at x and <p > 0 in some neighborhood of x as S\^ Q (t m ) is below 
5 a a - Moreover, 

(2.14) 


E 


h3 


d l wd 3 w 
1 + \Dw\ 2 


<Pij = -H(») “ ^ ~ 


h3 


d l wd 3 w 


1 + \Dw\ 2 


w. 


1,3 


= - A 77 ' a (w) + Xr)' a (w + tm) + 22 (j 


1,3 


d l wd 3 w 


d l wd 3 w 


+ \Diu\ 2 1 + \Dw\ 2 


w 


h3 


Xv'a( w ) + Xrf a (w + tm) + ^22 


h3 


d l wd 3 w — d t wd 3 w d l wd 3 w 


1 + \Dw\‘ 


+ 


d l wd 3 w 


1 + \Dw\ 2 1 + \Dw\ 2 


w. 


1,3 


.... . . _ . ^ d l pd 3 vj + d l wd 3 p 

Xr) a (w ) + Xij' a (w + t m ) + 2^-r-— —Wi.i 


1,3 


l + \Dw\ 2 


1,3 


d l wd 3 w w 


h3 


-(D(w + w), Dp). 


{1 + \Dw\ 2 ) (1 + \Dw\ 2 ) 

Combining 77" < 0 and t m > 0, we conclude that 5a, a and S\^ a {t m ) lie in parallel vertical 
planes by the strong maximum principle at x. However, it is impossible. So 5a , a is a 
smooth graph over H, which minimizes the weighted area with the weight l + i ) and 

with boundary <9H x {0} in Hxl. Moreover, if u\ a is the graphic function of 5a, », then 
it A, Q > 0 by maximum principle. 
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Set d(x) = d(x,d£l) for all x € fl, and fl t = {x € H| d(x) > t} for t > 0. There is 
a constant 0 < e < 1 such that di\ is smooth with mean curvature J4?(x,t) > e for any 
x € dPl t and 0 < t < e, and d is smooth on H \ 

Lemma 2.1. Let u\^ a be a smooth solution to (2.12) on fl with u\^ a = 0 on <90 for any 
A, a > 0, then we have the following boundary gradient estimate: 

\Dux, a \ < e _1 (A + 1 ) on <90. 


Proof. Let {ej }) l =1 be an orthonormal vector field tangent to dLl t at a considered point 
x € 30 1 , and denote e n be the unit normal vector field to dLit so that e n points into f l t . 
Since d is a constant on <90^, then at x we get 

n—1 

(2.15) ]T (D ei D ei - (D eiei ) T ) d = 0, 

i— 1 

and ( D en D en — D en e n ) d = 0, where (• • • ) T denotes the projection into the tangent bundle 
of dLlf Hence at x one has 

n n—1 

A^d = y ' ( D ei D ei — D ei ei) d = — y ^ ( D ei &i , e n ) De n d + (D en D en — D eri e n ) d 

i= 1 i=l 

16) 

n—1 

= - (D ei ei, e n ) = -J^{x, t). 
i =1 


Set 4? = ftd) = —(A + 1 ) log (l — e 1 d). Then ft = (A + l)(e — d) 1 and ft 1 
(A + l)(e — d)~ 2 . Together with (2.3), (2.16) and 34? > e, on fl \ Q e we conclude that 


div s 


D<4* 


yi +w, 

-jr 


= div E 


(2 17) \A + (A + 1 ) 2 ft~d ) 2 (1 + (A + l) _2 (e — d ) 2 ) 2 

e(A + l )- 2 


ftDd 


yirwy vr+w 

(A + l )~ 2 (e-d) 


A sd + 


< 


—e 


y / l + (A + l) 2 (e — d) 2 (1 + (A + l) _2 (e _ d) 2 ) 2 \/l + (A + l) 2 (e — d) 2 

^ — A(A + 1) 1 (e — d) _ —A 

_ v / l + (A + l)- 2 (e-d ) 2 ~~ ftl + \D^\ 2 ' 

Assume that «A,a is a smooth solution to ( 2 . 12 ) on fl with itA, Q = 0 on dLl for any A, a > 0. 
Analog to (2.14), 0 < ka,» < $ on 11 \ by comparison principle. Then 

(2.18) | L)u \ a | < \D$\ = e -1 (A + 1) 


< 


(l + lfl 2 ) 5 


—A(A + l) _1 e 


on 


Oil. 


For a > 0, 

(2.19) -w~Va{t) = V (-] ~ -' r )' (-') = - / Tig" {r)dr > 0. 

aa \ a J a \ot J J 0 

Similar to (2.14), we conclude that is above S\ :Ct for any (3 > a. Letting a -A oo, the 
graph 5 a, a converges to a generalized graph S\ over H. Namely, let u\ = lim,-^^ u\ t0l > 0, 
then S\ = 3{(x,f)| u\(x) < t} and u\ is the graphic function of S\. Note that {u a = oo} 
may be not empty, i.e., S\ may be not compact. Moreover, S\ is smooth and satisfies the 
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equation ( 2 . 2 ) on {u a < 00 }. Obviously, S\ is an area-minimizing hypersurface with the 
weight e~ Xxn+1 in x R with boundary 30 x { 0 }. 


3. Proof of the main theorem 


Let O be a bounded domain in an n-dimensional smooth manifold S with smooth mean 
convex boundary. Assume that 30 is not a minimal hypersurface in S. From [15], there 
is a mean curvature (level set) flow Ml : t G [0, 00) 1—x Mf with Mo = 30. By maximum 
principle, there is a sufficiently small constant eo > 0 such that M t has positive mean 
curvature everywhere for all 0 < t < eo- Without loss of generality, we assume that 30 
has positive mean curvature everywhere. 

Denote F)(0) be a domain in O with 3F)(0) = Mf for t G [0, 00). By [15], F)(0) is 
mean convex for each t G [0, 00), and M t fl M t+T = 0 , F t+r (£l) C interior(F)(0)) for all 
0 <t<t + r<oo. Let v : (J t>0 -> I be the function such that v(x) = t for each 

x G Mf . Then v satisfies 

/ x f Dv \ 1 

<31) d,VE W) + 1^1 

in the viscosity sense. Set Ooo = Hi>o -^t(O) and = 30^. By [15], (maybe empty) 
has finitely many connected components, and the boundary of each component is a stable 
minimal variety whose singular set has Hausdorff dimension < n — 8 . Let the parabolic 
Hausdorff dimension of a set E C S x R be the Hausdorff dimension of E with respect to 
parabolic distance 

distp((x, t), (y, r)) = max{d(x, y), |t - r | 1/2 }, 

where is the distance function on E. Let S be the spacetime singular set of Ai 

defined in [15]. Then the parabolic Hausdorff dimension of S is at most n — 2 by [15]. 
Denote S = {.x € f2| there exists a t > 0 such that (x,t) €. S}. 

Now we assume that is smooth. Then the mean curvature flow Mf converges 
smoothly as t —>• 00. So there is an open set K with K C fl \ floo such that S C K 
and v is smooth on K\S. 


From the previous argument, there is a translating soliton S\ whose graphic function 
u\ is a generalized function on D satisfying (2.3) on < 00 } and u\ = 0 on 3D for any 
A > 0. Then 

t G M -A (S\)t = graph(u A - A t) 

is a family of smooth hypersurfaces in 11 x 1 moving by mean curvature. Analog to the 
proof of Theorem 3 in [18], set U\ : D x M —x R by 

U\(x, y) = A -1 (u x (x) - y ), 


and U : 0 x R -> 1 by 

U(x, y ) = v(x). 

As A — >• 00 , the mean curvature flows t G [0,oo) —X (S\)t converge as brakke flows to the 
flow t —X Mf x M by elliptic regularization [12] and uniqueness of viscosity solution v. Since 
U\ l {t) n {y = r} = {S\)t n {y = r} and u _ 1 (f) n {y = t} = M t for all t, r > 0, then 
U\ converges as A —X 00 uniformly to U on K. Namely, A _ 1 n A converges uniformly to v 
on K. By the local regularity theorem in [17] (or by Brakke’s regularity theorem in [2]), 
A _ 1 u a converges as A —x 00 to v smoothly on K\S. 
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Let H\ be the mean curvature of S\. By 

H, - X - 1 

A ^l + \Du x \* v / A - 2 + A- 2 | J Dn A | 2 ’ 

and A _ 1 n A converges uniformly to v on K, there is a small constant 0 < <5 < 1 independent 
of A > 1 such that 


(3.2) 


H\ < —5 on K for every A > 1. 


Denote \A\\ 2 be the square norm of the second fundamental form of S\. Choose a local 
orthonormal frame field {e *}” =1 in S\, which is a normal basis at the considered point. 
Combining (2.9) and (2.10), for any constant 7 we obtain 


(3.3) 


A (hij + 7-Ha) = (A£ n+ i,V (hij + 7 H x )) - (|H A | 2 + Ric(v, u)) (hij + 7 H x ) 
A Rkikphjp Rkjkphip 2 R kijp h kp + V k Rujik “I - V iRukjk 


on K. Obviously, \A X \ 2 > ^|Ha | 2 > 7 C ) 2 on K by (3.2), then there is a positive constant 
Co depending only on n, 5, |//| and \DR\ on such that 
(3.4) _ 

A ( hij + 7 /L a ) > (A£ n+ i,V (hij + 7 H x )) - (|v4 A | 2 + Ric(v, v)) (+ 7 H x ) - C Q \A X \ 


on K. Here \R\ 2 = J2ij,k,i \ R ijki? and \DR\ 2 




DR 


ijkl,m 


2 


Lemma 3.1. There is a positive constant 7 ^ > 1 depending only on n, 6, |/?|, \DR\ on H 
and inf gx (IHaI-H^ 1 ) such that 


(3.5) 


~\h x < \A X \ < - 7 a^a on K. 
7a 


Proof. Let k\ > kq • • • > n n be the principal curvatures of S x . Note that k\ = sup^i =1 Ha(£, £), 
then Avi is a continuous function on S x . Further, for any 7,7 £ 1 , 

sup (m + 7 H x ) < sup («i + 7L/ a ) + sup ((7 - j)H x ), 

K K K 

which implies that sup^ (aci + 7 Ha) is also a continuous function on 7 € R. There is a 
constant 70 depending on uTok (I^a|-^a 1 ) such that 

sup (ki + 7 0 //a) = 0. 

8K 

If 70 < 0, we reset 70 = 0. Then we choose a constant 71 such that 

sup(Ki +71 Ha) = —L 

K 

We assume 71 > 7o + t, or else we complete the proof. By H x < — 5 , on dK we have 

(3.6) ki + 7iHa = «i + 7 oH a + (71 - 7o )H X < (71 - 7o)H A < -(71 - 7o)<$ < -1- 

Hence K\ +71 H attains its maximum at some point xq in the interior of K. Choose a local 
orthonormal frame {e*} near x'o in E which is normal at xo, and denote h t] = h(ei,ej ) 
as mentioned before. Let f = X)i£* e i|p 0 a unit eigenvector of the second fundamental 
form corresponding to the eigenvalue «i(xo) at the point xq, namely, h(f,£) = k\(xq). 
Then the smooth function k\ = )T 7 j hij\ x £i£j attains the maximum k\(xo) at xq in a 
neighborhood of xq. From (3.4), we obtain 
(3-7) ___ 

A (ki + 7-Ha) > (AH n+ i,V (% + 7 #a)) - (|H A | 2 + Ric(v, v)) («i + 7 #a) - C Q \A X \. 
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By maximum principle for (3.7), at xq we have 

(3.8) 0 > - (|A a | 2 + Ric(v, v)) (ki + 71 #a) - C'o|yl A | = |- 4 a| 2 + Ric{v, v) - Co|A a |. 

Let Co = min {0, inf|g|_ 1)Xe Q Ric\ (£, £)}. Then (3.8) implies that at xq 

( 3 ' 9 ) |- 4 a | <Y + \l^f~ c o^ C o + V-co- 

On the other hand, by (3.2) at xq one has 

(3.10) -1 = ki + 7i#a < I-4aI + 7i^A < I-4 a| - 7i<4 

Combining (3.9) (3.10) and the assumption 71 > 70 + 4, we obtain 

(3-11) 71 < 70 + ^ (Co + a/-co + l) • 

According to the definition of 71 and Kj, k\ + 71 H\ < — 1 < 0 on K , which implies that 

n —1 

(3.12) K n = H x - ^2 ^ > H\ - (n - l)«i > (1 + (n - 1 ) 71 ) H\. 

1=1 

Hence we complete the proof. □ 


Due to 


(3.13) 


we have 
(3.14) 


I-4a| 2 


^d Xj +diU\E n+ i (dxj + djU\E n +l), 


Du\ T E n - |_i 

\A + |l»u a | 2 


— ( Eg d x ., 


+ L'n+i 


\A + I^a | 2 / 

— ( d Xi d X Au\ ( Eg x d x -, Du\ 


T &Xi d X j i^a ^ En^ 1 

1 


—Du\ + if n +i 

a/i + I-d^aI 2 , 

( u \)i,j 


V 1 + I^aI 2 V 1 + I-OtxaI : 



d l u x d 3 u x \ (ux)j,k f^ki _ d k u x d l u x \ (ux)i,i 

1 + |Dn A |V V 1 + I-o^aI 2 V 1 + I^aI 2 / a/i + I^aI 2 ' 


Now let’s show the main theorem. 

Theorem 3.2. Let A4 : t € [0, 00 ) >-)• M t be a mean curvature flow starting from a 
mean convex, smooth hypersurface in an n-dimensional complete smooth manifold £. If 
linij^oo (U s> tM s ) (maybe empty) is a smooth hypersurface, then all the singularities of M 
have convex type. 


Proof. Let v be a viscosity solution to (3.1) on D \ Lloo, then \Dv\ > 0 on K \ S. From 
(3.14), H\ converges to div^ j, and 


I-4a| 2 


~^ |-4qo| 2 



d l U x dW x \( kl d k Uxd l Ux \ ( Ux)j, k (Ux)i,i 
A ” 2 + \DUx\ 2 J V A " 2 + \DUx\ 2 J X - 2 + \DU X \ 2 

d l vd 3 v\ Vj' k ( kl d k vd l v\ v kl 
\Dv \ 2 ) V “ |Z>u | 2 ) \Dv\ 


(3.15) 


as A -A 00 
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on K\S smoothly. Here —div^ and |^4oo | 2 are the mean curvature and the square 

norm of the second fundamental form for the level set of v in K \ S, repsectively. Since 
dK n S = 0, we conclude that inf^A' (lA^I-fL^ 1 ) is uniformly bounded for any A > 1, 
and then 7 ^ in Lemma 3.1 is bounded by an absolute constant 7 * independent of A > 1. 
Namely, by Lemma 3.1 we have 

—\ H \ < \A\\ < ~7*#A on K. 

'■y* 

Hence we obtain that 

(3.!6) -ydivs (i^y) < I Ao„| < - 7 -div E on K \ S. 

According to appendix B in [18], we complete the proof. □ 


(i) Assume that X has nonnegative Ricci curvature in Theorem 3.2. From (2.6), we 
have 

(3.17) A(E n+1 ,i/) = ~(E n+ i,VH) - (|A | 2 + Ric(u, v)) (E n+1 , v). 

Let S\_ a be a smooth graph with the graphic function u\ jCe satisfying (2.11). Combining 
(2.5), one has 

(3-18) _ 

A(E n+1 ,is) = Xrf a {E n+1 ,V(E n+1 ,u)) - (|A| 2 + Ric{v,v) - Xp"\\/u x , a \ 2 ) (E n+1 , v). 

Then by maximum principle for the above equation we have 

sup J 1 + \Du x J 2 < sup J 1 + \Du x , a \ 2 - 
n v dn v 

Combining the estimate (2.18), is uniformly bounded on H independent of 

A, a > 0 as well as yyy itA.Q. Hence the graph. UA is a bounded graph with u x = linu^oo u X)Ct . 
Since jii\ converges to v as A -A 00 on any compact set Q in Q \ floo, we get that v is 
bounded on Q by a constant independent of Q. Hence the mean curvature flow Ai in 
Theorem 3.2 must vanish in finite time. 


(ii) If X is simply connected with nonpositive sectional curvature in Theorem 3.2, then 
we claim 

(3.19) sup ( (1 + t)^ 1 sup u t .(x )) < 00 . 

£E(0,oo) \ J 

Let’s prove it by contradiction. If (3.19) fails, there are sequence L > 0 and cq -a 00 such 
that (1 + U )^ 1 supQ ut u oti —>• 00 as % -A 00, where ut uai is a smooth solution to (2.12) with 
A, a replaced by L,cq, respectively. We define .7 = sup^ u tl0 , and u ti = s^ 1 u ti , ai , then 


(3.20) 




= 0 . 


On the other hand, there is a point H such that ut z (xyj = 1- Let p Xt .(x) = d(x, x^) 
for any x € fl, then p 2 is smooth on X. By Hessian comparison theorem, we have 



10 


QI DING 


Set A 

% > 0 


(3.21) 


2diam(Q) > 0. Note (1 + tf) s t -A oo as i -A oo. Hence for sufficiently large 


divy; 


^(l-A 2 pl J 


s~ 2 + 


DU-A-ipl 


Xt- 


+ 


u 


) 


Si\ls 2 + D (1 - A 2 p2 


Xt; 


< 


< ~ 


-A- 2 A SP 2 


8 A- b < 


+ 




+ 4A “Vi t . ( s -2 + 4A-V 2 ti ) 5 Si V S i +4A ' 4 ^ 

2nA~ 2 8 A ^ 


+ 


S - 2 + 4A-Vi, 


S r 2 + 4A-4p2 


s n/ s i + 4A VL 


^ - 2(71 - 1)A 2 Si + U < Q 

W»r 2 + 4A_ Vi. 


Let £1 be an open set defined by {x € H| u ti > 1 — A~ 2 p 2 t }. Since lit, (xt l ) = 1 and 
— A~ 2 p 2 t > 0 = uti on then ut t — \ + A ~ 2 p 2 t . = 0 on <9£1. Analog to (2.14), 

Uf, t — 1 + A~ 2 p 2 t attains its maximum on £1 at the boundary d£ by the maximum principle 
for (3.20) and (3.21). So we get a contradiction as | + A~ 2 p 2 t = 0 on d£, and the 
claim (3.19) holds. 

So (1 +1) _1 supq |it*| is uniformly bounded independent of t > 0, which implies that v 
is bounded and the mean curvature flow Ai in Theorem 3.2 must vanish in finite time. 


Therefore, from Theorem 3.2 we can get the following corollary. 

Corollary 3.3. Let Ai : t € [0, oo) e-7 M t be a mean curvature flow starting from a mean 
convex, smooth hypersurface in an n-dimensional complete smooth manifold E. If either 
E has nonnegative Ricci curvature or E is simply connected with nonpositive sectional 
curvature, then all the singularities of At have convex type. 
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